
L A M I N A R  B O U N D A R Y  L A Y E R  AT A P E R M E A B L E  S U R F A C E  

A .  L .  L e s n i k o v  UDC 532.526.2 

A universal  equation for the boundary layer  with continuoUs suction is proposed and solved 
(to the f i r s t  approximation) in Crocco  var iables .  

A new approach to solving problems of a boundary layer  at a permeable  surface [1] is based on the 
pa ramet r i c  method by L. G. Loitsyanskii  [2] and its gist  is to reduce  the fundamental equations to a form 
which depends neither on the specific velocity distribution in the main s t r eam n o r  on the velocity of the 
fluid ac ros s  the surface.  The effect of the main s t r eam and of the injection or suction ra te  is accounted 
for by  two se r i e s  of pa r ame te r s .  A universal  equation was used in [1] for general iz ing the flow function in 
ord inary  s imi la r i ty  var iables .  No numer ica l  solution was obtained there,  however; the author went only 
as far  as expanding the solution into power se r i e s .  

Here we will derive a universa l  equation in Crocco variables for a laminar  i so thermal  boundary layer  
at a permeable  surface and wilt show numer ica l  resul ts  obtained with the aid of a digital computer .  

We define injection to or  suction f rom the boundary layer  by specifying the t r ansver se  velocity v0(x ) 
of fluid flow through the sur face .  Formulat ion of the problem in Crocco variables for a permeable  wall dif- 
fers  f rom such a formulation for an impermeable  wall by the presence  of velocity v0(x ) in the boundary con-  
di t ion at the wall. 

The original equation is 
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Fig.  1. Distribution of fr ict ional  s t r e s s  ~ ac ros s  a boundary 
layer  at a plate when suction occurs .  

Fig.  2. Distributions of fr ict ional  s t r e s s  in a boundary layer  
for ~ = 0.4; fcr  and fsep are  values of the fo rm factor  f at the 
stagnation point and at the separat ion point respect ively .  
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Fig. 3. Fundamental  cha rac te r i s t i c s  of a boundary layer:  F (f, 
X) and ~(f, k),  Dashed eurves  r ep re sen t  data in [!1. 

- -  o,z 

with 

0r 
"r - -  = - - p p ,  UU'  + PVo'r at 

Ou 

We introduce into Eq. (1) the dimensionless variables 

A t ransformat ion  by means of 

u = 0 ,  x-----0 at u = U .  

yields instead of (1): 
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The f i r s t  integral  in (3) is evaluated by par ts  

We will now show that Eq. (2) with the respect ive  boundary conditions can be reduced to a universal  
form which does not depend on the specific velocity distributions U(x) and v0(x ). 

F i r s t  of all, we use the momentum equation, which will be derived direct ly  f rom (1) by twice in tegra t -  
ing both parts  with respec t  to u. 

With the boundary conditions in (1) we have 

i(t (+)) �9 0 u J ' d "  -gx du d. + :~ (3) 
0 o o 

(T O denotes the value of r at the watt). 

0 0 0 0 

(4) 
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Fig. 4. Comparison of ap- 
proximate with exact F(2Q 
and ~(~) curves for a plate. 
Dashed curves represent 

data in [4]. 

Changing  the o r d e r  of d i f fe ren t ia t ions  and in tegra t ions  on the l e f t -  
hand s ide of (4), t oge the r  with a few addi t ional  ope ra t ions ,  will  r educe  (3) 
to  

U U 

j.u i �9 d .... (U - -  u) ~ du + U'  (U - -  u) ~ du % + Uvo. 
dx .c "r p 

0 0 

In t roduc ing  the convent iona l  t h i cknes se s  of the boundary  l aye r ,  
name ly :  

the d i s p l a c e m e n t  t h i c k n e s s  

U �9 

o 

0 

the momentum thickness 

du 

U 

0 

we arrive at the following momentum equation in Croeeo variables: 

d6** 8" 
U,, c + U , 8 ~ , ( 2 + H ) _ v o =  % H - -  

dx oU W ~ '  

which could a l so  be de r ived  f r o m  the in t eg ra l  m o m e n t u m  condi t ion in o r d i n a r y  v a r i a b l e s .  

We wil l  now define the quant i ty  h: 
~** 

h =  c 
B ' 

(5) 

(6) 

and examine  the g e n e r a l i z i n g - s i m i l a r i t y  r e p r e s e n t a t i o n  of the quantityco as a funct ion of  the s i m i l a r i t y  v a r i -  
ables :  

,-o = ~(~1; f ,  f~, . . . ,  ;~1, ~ . . . .  ). (7) 

The fol lowing quan t i t i e s  s e r v e  h e r e  as  the s i m i l a r i t y  p a r a m e t e r s :  

s = u ~-~ [ d~U / 6 **~ \~ 

1 

)~h = - - U  ~-1 dx k-1 ( ]~mY~ ) 8**~ k-  ~- 

The f k - p a r a m e t e r s  a r e  r e l a t e d  to the ve loc i ty  d i s t r ibu t ion  in the m a i n  s t r e a m ,  while the X k - p a r a m -  
e t e r s  a r e  r e l a t e d  to the d i s t r ibu t ion  of s u r f a c e  in jec t ion (X 1 < 0) o r  s u r f a c e  suc t ion  (X t > 0). Funet ions  U(x) 
and v0(x ) a r e  a s s u m e d  ana ly t ic .  

With the aid of (7)-(9), the m o m e n t u m  equat ion can  be r e p r e s e n t e d  in any one of  the fol lowing f o r m s :  
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F = 2 I ~ - - ( 2 + H ) ~ x ~ ) ~ z l ,  ~ = B o ( 0 ;  /~x, f~, . . . ,  ;~z, ~'~ . . . .  ), 
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Parameters fk and ~t k satisfy the recurrence relations 

U 
U'  f:f'k ~ [(k - -  I) :~ + k f l  [, + f,+: = e,, 

(12) 

U f:~; = {(k - -  1) f: q- [(2k - -  1)/2] F} ~, + ;~,+: = %,, 
U' 

w h i c h  fo l low f r o m  (8) and  (9) if  the  m o m e n t u m  e q u a t i o n  in f o r m  (11) is u s e d .  

We now insert the generalizing-similarity representation (7) into Eq. (1). Replacing here the deriva- 

tives with respect to x by derivatives with respect to fk and ;t k in accordance with the relation 

er 

0 ' ~  

at, 

and taking into consideration (6), (I0), (12), we arrive at the desired universal equation 

. . . .  ~ ~1(o = ~l 0, ~ + )~, , 
O~l 2 0~1 2 k=: 

00)  ]r ~1 (o - -  o) at ~ l = 0 ,  ( o = 0  at ~1=1.  
0q B 2 B 

For a more convenient numerical integration, we make another change of variables in this equation 
by letting 

(0 ~ ~0. 

As a result, we finally obtain for a laminar boundary layer at a permeable surface the following uni- 
versal equation in Crocco variables: 

Be 0 02~ Be ( 0 0  ~2 ( l _ ~ 1 2 , f  1 Off Z ( O ~  0~ % 0~ ) 
0n 2 2 \-d-~] -~-hh + ( F - 2 / ~ l ) r l O - - - r l  -~ -k  -L ' - ~ - k  ' 

k= l  

00 = - - - 2 / 1  2s at r l = 0 ,  O = 0  at T 1 =  1, 
0~l B 2 B 

(13) 
0 = 0  (~ at f l = h - - .  - - 0 ,  X 1 = s  . . . . .  0, 

w h e r e  d(0) 0/) m a y  be  t r e a t e d  as  the so lu t i on  to the o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n o f  a i ong i tud ina l  s t r e a m  
a r o u n d  a p l a t e  

~(o) d2~(~ 1 ( d ~  (~ 
dn 2 2 \ - - - ~  J + 2n0(~ = 0, 

dO(~ (14) 
0 at ~1 : 0, 0 (0) : 0 at ~1 = 1. 

dn 
This  e q u a t i o n  is o b t a i n e d  f r o m  (13) wi th  fk = Xk = 0 (k = 1,2 . . . .  ), if  the m a g n i t u d e  of  the c o n s t a n t  

t3 is c h o s e n  on the b a s i s  of the  c o n d i t i o n  

F(0; 0 . . . . .  0, . . . )  = 2B ~ = 2B V ' ~  ~ B = 0.470. 

The characteristic functions F, ~, and H are defined by the solution to Eq. (13) according to 

F = 2 [~ - -  (2 + H) ]r - -  ,~], ~ ~ B V-O-(O; f~, ]'2 . . . . .  )h, s . . . .  ), 
(15) 

H =  I t ' l - - ~ l   --Tdn- 
13 

Equation (13) is simpler than the universal equation in ordinary variables [i]. In terms of Croeco 
variables it is one order lower. 

F o r  fk  ~ 0, X k = 0 (k  = 1, 2 . . . .  ) Eq .  (13) b e c o m e s  the L o i t s y a n s k i i  e q u a t i o n  [2]. 

E q u a t i o n  (13) was  i n t e g r a t e d  wi th  the  a id  of  a BI~SM-2M c o m p u t e r ,  in an  a p p r o x i m a t i o n  i nc lud ing  on ly  
the  p a r a m e t e r s  f l ,  X1 and  c o n s i d e r i n g  on ly  the l o c a l  e f f e c t  of  s u c t i o n  Xlas  the l a t t e r  was  v a r i e d  f r o m  0 to 
0.5.  
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We note  tha t  Eq .  (13) has  a s i n g u l a r i t y  a t  po in t  ~? = 1, s i n c e  the c o e f f i c i e n t  of the f i r s t  d e r i v a t i v e  b e -  
c o m e s  z e r o  then .  C a l c u l a t i o n s  have  shown tha t  t h i s  does  not  c a u s e  any  p a r t i c u l a  r d i f f i c u l t i e s  in the n u m e r i -  
c a l  i n t e g r a t i o n  and  i t  a f f ec t s  the  p r o c e s s  on ly  when  h 1 = 0. 

F o r  an  a p p r o x i m a t i o n  of the  d i f f e r e n t i a l  equa t ion  

a~ 
B2 q 0 ~  B ~ ( 0 0 ~  (1 0~  +(F__2f)~l~_~lF[__~_, 

a~, T k-J-~ / - - n') f an 

0~ ..... = 2[ 2~, V ~  at 11 ---: 0, ~ := 0 at '1 = 1, (16) 
0~1 B ~ B 

=~(o)(~l) at [==0, )~=0 

( the s u b s c r i p t s  to p a r a m e t e r s  f and X h a v e ,  of c o u r s e ,  b e e n  omi t t ed )  wh ich  c o r r e s p o n d s  to the p r o p o s e d  
a p p r o x i m a t i o n ,  we u s e d  the t h r e e - p o i n t  s c h e m e .  The r e s u l t a n t  s y s t e m  of equa t ions  was  s o l v e d  b y  the e l i m -  
i n a t i o n  m e t h o d  wi th  i t e r a t i o n s  on e a c h  l a y e r .  F i r s t  we c a l c u l a t e d  the  z e r o  l a y e r ,  i . e . ,  we s o l v e d  the p r o b -  
l e m  of a l o n g i t u d i n a l  s t r e a m  a r o u n d  a p l a t e ,  wi th  a p a r a b o l a  t aken  a s  the i n i t i a l  a p p r o x i m a t i o n .  The  t r a n s -  
v e r s e  d i r e c t i o n  was  c o v e r e d  in 0.005 s t e p s .  C u r v e s  of ~(V) for  a p l a t e  a r e  shown in F i g .  1 wi th  v a r i o u s  
v a l u e s  of ~. The  l o n g i t u d i n a l  p r o b l e m  was  s o l v e d  in  Af = 0.005 s t e p s  f r o m  po in t  f = 0 to the r i g h t  to the 
p o i n t  w h e r e  F = 0 and  to the  l e f t  to the s e p a r a t i o n  po in t .  The  s t e p s  w e r e  n a r r o w e d  upon a p p r o a c h i n g  the 
s t a g n a t i o n  po in t  and the s e p a r a t i o n  po in t .  The  t r e n d  of func t ion  ) (~?) a t  s e v e r a l  v a l u e s  of f i s  shown in F i g .  
2 fo r  ~ = 0 . 4 .  

Solv ing  the s p e c i f i c  p r o b l e m  by the p a r a m e t r i c  m e t h o d  r e d u c e s  to an i n t e g r a t i o n  of the  o r d i n a r y  f i r s t -  
o r d e r  d i f f e r e n t i a l  equa t ion  

dz** F 

dx U (17) 

Z**,= Z **(~ at x ----- X (~ 

C u r v e s  of F ( f ,  ~) and  ~(f,  ~) have  b e e n  c a l c u l a t e d  by  f o r m u l a s  (15) and a r e  shown in F i g .  3. The 
d a s h e d  c u r v e s  r e p r e s e n t  da t a  in [1], v e r i f i e d  on an e x a m p l e  of a b o u n d a r y  l a y e r  s u b j e c t  to suc t i on  a t  a c y l i n -  
d r i c a l  s u r f a c e  wi th  a s i n u s o i d a l l y  v a r y i n g  v e l o c i t y  in the m a i n  s t r e a m .  

The  c y l i n d e r  p r o b l e m  in an  e x a c t  f o r m u l a t i o n  has  b e e n  so lved  by  R.  M. T e r r i l l  [3] for  v 0 = 0.5 and v 0 
= 0. The  m a x i m u m  va lue  of the s u c t i o n  p a r a m e t e r  ~ at  the s e p a r a t i o n  po in t  is  0.318 a t  v 0 = 0.5. A c o m p a r -  
i s o n  of the so lu t i on  by  the p r o p o s e d  m e t h o d  as  we l l  a s  the  s o l u t i o n  b y  the m e t h o d  in [1] wi th  the  e x a c t  s o l u -  
t ion  i s  l i m i t e d  to only  th i s  va lue  of  p a r a m e t e r  k. 

F o r  a suc t i on  r a t e  v 0 = 0.5, the p r o p o s e d  m e t h o d  y i e l d s  a d i s t r i b u t i o n  of  f r i c t i o n a l  s t r e s s  a t  the  c y l -  
i n d e r  s u r f a c e  wh ich  is  a l m o s t  i d e n t i c a l  to the  d i s t r i b u t i o n  o b t a i n e d  by  the e x a c t  me thod ,  and th i s  i n c l u d e s  
the  r e g i o n  n e a r  the  s e p a r a t i o n  po in t .  A t  v 0 = 0 (~ = 0) the f r i c t i o n a l  s t r e s s  wi th in  the d i f fus ion  zone of  the 
b o u n d a r y  l a y e r  i s  l o w e r  and s e p a r a t i o n  i s  f o r e s t a l l e d  (x s = 1.79 i n s t e a d  of the e x a c t  x s = 1.82).  

The  m e t h o d  in [1], on the c o n t r a r y ,  y i e l d s  b e t t e r  r e s u l t s  in d e t e r m i n i n g  the s e p a r a t i o n  po in t  a t  low 
s u c t i o n  r a t e s  (x s = 1.81 at  v 0 = 0); the e r r o r  of the m e t h o d  i n c r e a s e s  wi th  l a r g e r  va lue  of  X and l e a d s  to 
p r e m a t u r e  s e p a r a t i o n .  

F o r  the c a s e  of  a p e r m e a b l e  p l a t e ,  our  r e s u l t s  can  be  c o m p a r e d  wi th  the e x a c t  so lu t i on  in  [4] o v e r  the 
e n t i r e  r a n g e  of  ;t v a l u e s  ( F i g . 4 ) .  The  p r o p o s e d  m e t h o d  y i e l d s  s o m e w h a t  h i g h e r  v a l u e s  of F(~) and ~(~). The  

m a x i m u m  e r r o r  does  not  e x c e e d  3.5%. 

= u (au/oy) 
X, y 

U 

Vo 

U 

W 
09 

P 

N O T A T I O N  

is  the  s h e a r i n g  s t r e s s  in  the  b o u n d a r y  l a y e r ;  
a r e  the  l ong i t ud ina l  and t r a n s v e r ' s e  c o o r d i n a t e  r e s p e c t i v e l y ;  
i s  the l ong i tud ina l  v e l o c i t y  c ompone n t ;  
i s  the  i n j e c t i o n  o r  suc t ion  r a t e ;  
i s  the  v e l o c i t y  of m a i n  s t r e a m ;  
i s  the d i m e n s i o n l e s s  ve loc i t y ;  
i s  the g e n e r a l i z i n g - s i m i l a r i t y  r e p r e s e n t a t i o n  of  f r i c t i o n  s t r e s s ;  
i s  the d e n s i t y ;  
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6 e 
~* 
z * *  -- 6 " * / ~ ;  
F , ~ , H  

fk '  kk 
]3 
v~ = 032; 

Ok, Xk 

Subscripts 

0 
(o) 
k 
X s 
! 

are the dynamic and kinematic viscosity respectively; 
is the conventional thickness of boundary layer; 
is the displacement thickness, in C rocco variables; 
is the momentum thickness; 

are the boundary-layer characteristics; 
are the parameters; 
is the normalizing constant; 

are the right-hand sides of recurrence relations. 

refers to the wall; 
refers to the initial value; 
consecutive number; 
coordinate of the separation point; 
derivative with respect to x. 

lw 
2. 
3. 
4. 
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